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We prove that for any primes p1; . . . ;ps there are only ﬁnitely many numbersQs
i¼1 p
ai
i ; ai 2 Z
þ; which can be orders of dihedral difference sets. We show that, with
the possible exception of n ¼ 540; 225; there is no difference set of order n with
15n4106 in any dihedral group. # 2002 Elsevier Science (USA)1. INTRODUCTION
Almost all known results on difference sets need severe restrictions on the
parameters. The main purpose of this paper is to provide an asymptotic
nonexistence result free from any assumptions on the parameters. The only
assumption we make is that the underlying group is dihedral.
Difference sets originally mainly were studied in cyclic groups where
they exist in abundance. For example, for any prime power n; there is a
difference set in the cyclic group of order n2 þ nþ 1; namely, the so-called
Singer difference set, see [2]. It is a very interesting phenomenon that
the situation changes completely if one switches from cyclic groups to
dihedral groups. No nontrivial difference set in any dihedral group has been
found yet.
Conjecture 1. There is no nontrivial difference set in any dihedral
group.261
0097-3165/02 $35.00
# 2002 Elsevier Science (USA)
All rights reserved.
LEUNG AND SCHMIDT262In the next section, we will see the reason for the probable nonexistence of
dihedral difference sets: Putative difference sets in dihedral groups can be
decomposed into two ‘‘orthogonal parts’’ corresponding to the two cosets of
the subgroup of index two. The orthogonality of these two parts seems to be
a too strong condition to admit solutions. It can be checked that a similar
decomposition is impossible for all known difference sets in cyclic groups.
This explains why difference sets in cyclic groups and dihedral groups
behave so differently.
Difference sets in dihedral groups were thoroughly studied in [3]. The
main result obtained there is the following.
Result 2. If there is a nontrivial difference set of order n in a dihedral
group, then n ¼ u2 for an odd integer u and jðuÞ=u51=2 where j denotes
the Euler totient function. In particular, u has at least three distinct prime
divisors, and if u has exactly three distinct prime divisors p1;p2;p3; then
fp1;p2;p3g 2 ff3; 5; 7g; f3; 5; 11g; f3; 5; 13gg:
The main result we obtain in the present paper is quite different and of
asymptotic nature: For any primes p1; . . . ;ps; there are at most ﬁnitely
many n of the form
Qs
i¼1 p
ai
i ; ai 2 Z
þ; which can be orders of difference sets
in dihedral groups.
The central tool for the proof is the general bound on the absolute value
of cyclotomic integers from [6, Theorem 4.2]. A combination of this bound
with a substantial reﬁnement of the arguments in [3] and careful number
theoretic analysis yields the desired result. A similar asymptotic result for
Hadamard difference sets has been obtained in [5, Theorem 6.1], but there
the proof follows directly from the bound for the algebraic integers, whereas
the asymptotic result of the present paper needs substantial additional
analysis.
In the ﬁnal section, we obtain a nonexistence result for dihedral difference
sets which is particularly useful for small cases. We use it to show that with
one possible exception there is no dihedral difference set of order n4106:
2. PRELIMINARIES
In this section, we review the known facts which are needed in this paper.
Let G be a multiplicatively written group of order v: A ðv; k; l; nÞ difference
set is a k-subset D of G such that any nonidentity element of G has exactly l
representations as a quotient of two elements of D: The nonnegative integer
n ¼ k  l is called the order of D: We will only consider nontrivial difference
sets, i.e. difference sets with n > 1: We will also assume k5v=2 which is
ASYMPTOTIC NONEXISTENCE OF DIFFERENCE SETS 263possible without loss of generality since D is a ðv; k; l; nÞ difference set in G if
and only if G=D is a ðv; v k; v 2k þ lÞ-difference set in G:
Given a difference set D; one can construct a ﬁnite geometry with point set
G and block set fDg : g 2 Gg with the property that any two blocks meet in
exactly l points, see [2]. A difference set thus should be viewed as a concise
description of a ﬁnite geometry.
When we study difference sets in a group G; we usually use the language of
the group ring Z½G
: For X ¼
P
ag g 2 Z½G
; we write jX j ¼
P
ag and X ðtÞ ¼P
aggt: Let 1 be the identity element of G: For r 2 Z we write r for the group
ring element r  1; and for S  G we write S instead of
P
g2S g: Using the
group ring notation, a k-subset of a group G of order v is a ðv; k; l; nÞ-
difference set in G if and only if
DDð1Þ ¼ nþ lG
in Z½G
: The following lemma from [3] is crucial for the study of difference
sets in dihedral groups.
Lemma 3. Let Dm ¼ hg; hjg2 ¼ hm ¼ ghgh ¼ 1i denote the dihedral group
of order 2m and write Cm ¼ hhi: There is a ð2m; k; l; nÞ difference set in Dm if
and only if there are A;B Cm with jAj þ jBj ¼ k and
AAð1Þ þ BBð1Þ ¼ lCm þ n; ð1Þ
2AB ¼ lCm: ð2Þ
Proof. Let D be a k-subset of Dm and write D ¼ Aþ Bg with A;B Cm:
A straightforward computation shows that DDð1Þ ¼ nþ lDm if and only if
(1) and (2) hold. ]
By G n we denote group of all characters w : G! C of a ﬁnite abelian
group G: The trivial character is denoted by w0: For a subgroup H of G
n; we
write
H? ¼ fg 2 G : wðgÞ ¼ 1 for all w 2 Hg
and
U? ¼ fw 2 G n : wðgÞ ¼ 1 for all g 2 Ug
for a subgroup U of G: Note that wðgÞ is a complex tth root of unity for all
w 2 G n and all g 2 G where t ¼ expG:We write xt ¼ e2pi=t: Any character can
be extended naturally to a mapping Z½G
 ! Z½xt
 by linearity. For the basics
LEUNG AND SCHMIDT264on characters and difference sets, we refer the reader to [2, VI, Section 3]. We
will make repeated use of the following.
Result 4 (Fourier inversion). Let G be a ﬁnite abelian group and A ¼P
g2G ag g 2 Z½G
: Then the coefﬁcients ag are determined by the character
values of A through
ag ¼
1
jGj
X
w2G n
wðAg1Þ:
From Lemma 3 and the Fourier inversion, we get the following.
Corollary 5. There is a ð2m; k; l; nÞ difference set in Dm if and only if
there are A;B Cm with
jAj þ jBj ¼ k and 2jAjjBj ¼ lm
such that
wðAÞwðBÞ ¼ 0 and jwðAÞj2 þ jwðBÞj2 ¼ n
for every w 2 C nm =fw0g:
The condition wðAÞwðBÞ ¼ 0 is the reason why we call the pieces A and B
‘‘orthogonal.’’ Note that we can assume jAj5jBj by replacing D by Dg if
necessary which we will do from now on. The following essentially is a
reformulation of [3, Theorem 2, Corollary 3] and gives an important
restriction on the parameters of difference sets in dihedral groups.
Lemma 6. Assume the existence of a ð2m; k; l; nÞ difference set D ¼
A[ Bg in Dm: Write a ¼ jAj and b ¼ jBj where a5b: Then n ¼ u2 for an odd
integer u > 1; and there is an even divisor c4u 1 of ðu2  1Þ=2 such that
m ¼
u½ðuþ cÞ2  1

2c
;
n ¼ u2;
a ¼ uðuþ c 1Þ=2;
b ¼ uðuþ cþ 1Þ=2;
k ¼ uðuþ cÞ;
l ¼ uc:
Proof. Put u ¼ b a and c ¼ l=u: By Lemma 3, we have a2 þ b2 ¼
lmþ n and 2ab ¼ lm: Thus n ¼ u2: In particular, u > 1 since n > 1:
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u ¼ b a gives the formulas for a and b: We then get the formula for m from
2ab ¼ lm ¼ ucm: Furthermore, nþ l ¼ uðuþ cÞ shows that l is divisible by
u: Thus, c is an integer. For the proof of the fact that u is odd, we refer to
[3, Corollary 3]. By the formula for m; we see that ðuþ cÞ2  1 is even. Thus,
c must be even and hence l is also even. We recall that we assume k5v=2
for a ðv; k; l; nÞ difference set. Since kðk  1Þ ¼ lðv 1Þ we have
l ¼ kðk  1Þ=ðv 1Þ5k2=v5k=2 and thus n ¼ k  l > l: This implies c5u:
In [3, Theorem 2], it is shown that u divides m: Thus 2c divides ðuþ cÞ2  1
and thus u2  1 since c is even. ]
Let D ¼ A[ Bg be a difference set in Dm as in Lemma 3. Using Corollary
5, we can partition the nontrivial characters of Cm into two disjoint sets A
and B as follows:
A :¼ fw 2 Cnm : jwðAÞj
2 ¼ ng; B :¼ fw 2 C nm : jwðBÞj
2 ¼ ng:
In [3, Theorem 4] and its proof the following was shown.
Result 7. Either A or B is a union of cosets of the subgroup of Cnm of
order m=ðm; nÞ: Furthermore,
jAj ¼ ðma a2Þ=n;
jBj ¼ ðmb b2Þ=n:
Let Um be the group of units modulo m: Then Um acts on C nm by w/w
l for
l 2 Um: Both A and B are unions of orbits of Um on Cnm:
Now we state the results on cyclotomic integers from [5, 6] we will use. We
ﬁrst need a deﬁnition.
Definition 8. Let m; n be positive integers, and let m ¼
Qt
i¼1 p
ci
i be the
prime power decomposition of m: For a prime q write
mq :¼
Q
pi=q pi if m is odd or q ¼ 2;
4
Q
pi=2;q pi otherwise:
(
Let DðnÞ be the set of prime divisors of n: For q 2 DðnÞ and i 2 f1; . . . ; tg;
let Bði; qÞ be the smallest positive integer such that one of the following
conditions is satisﬁed:
(a) q ¼ pi and if pi ¼ 2 then Bði; qÞ=1;
(b) Bði; qÞ ¼ ci;
(c) q=pi and qordmq ðqÞc1 ðmod p
Bði;qÞþ1
i Þ:
LEUNG AND SCHMIDT266For i ¼ 1; . . . ; t let bi :¼ maxfBði; qÞ : q 2 DðnÞg: We deﬁne
F ðm; nÞ :¼
Yt
i¼1
pbii :
The properties of the function F ðm; nÞ just deﬁned are crucial for the proof
of our asymptotic result in the next section. Note that F ðm; nÞ and m have
the same prime divisors since bi is positive for all i: The following result was
proved in [5].
Result 9. Assume X %X ¼ n for X 2 Z½xm
; where n and m are positive
integers. Then
Xxjm 2 Z½xF ðm;nÞ

for some j:
The next result essentially is contained in [6].
Result 10. Let X be of the form
X ¼
Xm1
i¼0
aix
i
m
with 04ai4C for some constant C: Let f be a divisor of m which has the
same prime divisors as m: If X 2 Z½xf 
 and if n :¼ X %X is an integer, then
n4
C2f 2
4jðf Þ
:
Proof. The proof is the same as that of Theorem 4.2 of [6], we only have
to replace F ðm; nÞ there by f : ]
Corollary 11. If a difference set D of order n exists in the dihedral group
of order 2m; then
4n4
m
jðmÞ
F ðm; nÞ:
Proof. Write D ¼ A[ Bg with A;B Cm: Let w be a character of Cm
order m: By Corollary 5 we have jwðAÞj2 ¼ n or jwðBÞj2 ¼ n: We only treat the
case jwðAÞj2 ¼ n; the other case is similar. Note wðAÞ ¼
Pm1
i¼0 aix
i
m with
04ai41: Furthermore, F ðm; nÞ=jðF ðm; nÞÞ ¼ m=jðmÞ since m and F ðm; nÞ
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and 10. ]
3. ASYMPTOTIC NONEXISTENCE
In this section, we prove that for any primes p1; . . . ;ps there are only
ﬁnitely many numbers
Qs
i¼1 p
ai
i ; ai 2 Z
þ; which can be orders of dihedral
difference sets. We start with a general lemma. By ½x
 we denote the largest
integer 4x:
Lemma 12. Let G be a finite abelian group, and let X be an element of
Z½G
 with nonnegative coefficients. Assume that jwðX Þj2 2 f0; ng for some
positive integer n and all nontrivial characters w of G: Let N be the number of
nontrivial characters w with jwðX Þj2 ¼ n: Then
N5
eð1 eÞjGj2
n
;
where e ¼ jX j=jGj  ½jX j=jGj
:
Proof. Write X ¼
P
agg with ag 2 Z
þ
0 and jGj ¼ v; jX j ¼ x: Then x=v ¼
y þ e where y ¼ ½x=v
: The minimum of
P
a2g under the conditions
P
ag ¼
x; ag 2 Z
þ
0 is attained if and only if ag 2 fy; y þ 1g for all g 2 G; see [4]. In that
case, the number of g’s with ag ¼ y þ 1 is ev: Hence
P
a2g ¼ ð1 eÞvy
2 þ
evðy þ 1Þ2 ¼ x2=vþ veð1 eÞ: Thus for all ag 2 Z
þ
0 with
P
ag ¼ x; we get
X
a2g5
x2
v
þ veð1 eÞ: ð3Þ
On the other hand, since
P
a2g is the coefﬁcient of 1 in XX
ð1Þ; we have
X
a2g4
1
v
½x2 þ Nn
 ð4Þ
by the Fourier inversion formula. The lemma follows by combining (3)
and (4). ]
Notation 13. The following notation will be used throughout this
section. In the situation of Lemma 6, write 2c ¼ 2aþbc1c2; where c1; c2 are
odd divisors of u 1 and uþ 1; respectively, and 2a j ðu 1Þ; 2b j ðuþ 1Þ: As
c is even, we may assume a51 and b51: Write u 1 ¼ 2ac1d1 and uþ 1 ¼
2bc2d2: Then u 1þ c ¼ 2ac1ðd1 þ 2b1c2Þ and uþ 1þc¼ 2bc2ðd2 þ 2a1c1Þ:
Next, we write d1 þ 2b1c2 ¼ u1t1 and d2 þ 2a1c1 ¼ u2t2; where t1 and
t2 are the greatest divisors of d1 þ 2b1c2; respectively, d2 þ 2a1c1 which are
LEUNG AND SCHMIDT268relatively prime to u: In particular, we deduce that m ¼ uu1u2t1t2: For the
convenience of the reader, we give a table of the necessary identities:
c ¼ 2aþb1c1c2;
u 1 ¼ 2ac1d1;
uþ 1 ¼ 2bc2d2;
d1 þ 2b1c2 ¼ u1t1;
d2 þ 2a1c1 ¼ u2t2;
uþ c 1 ¼ 2ac1u1t1;
uþ cþ 1 ¼ 2bc2u2t2;
m ¼ uu1u2t1t2:
Lemma 14. Either a or b is divisible by m=ðm; nÞ: We have t1 ¼ 1 or t2 ¼ 1:
More precisely, we have t1 ¼ 1 if m=ðm; nÞ divides b and t2 ¼ 1 if m=ðm; nÞ
divides a. With m0 denoting the largest divisor of m coprime to u, we have
m0 ¼ t1t25u:
Proof. We ﬁrst show that m=ðm; nÞ divides a or b: Let H be the subgroup
of Cm of order ðm; nÞ: By Result 7, we have wðAÞ ¼ 0 for all w 2 H? =fw0g or
wðBÞ ¼ 0 for all w 2 H?=fw0g: Let r : Cm ! Cm=H be the canonical
epimorphism. Then, by the Fourier inversion formula, rðAÞ or rðBÞ is a
multiple of Cm=H : Thus jCm=H j ¼ m=ðm; nÞ divides a or b:
Note that m0 ¼ t1t2 by deﬁnition. Suppose that m=ðm; nÞ divides
a ¼ uðuþ c 1Þ=2: Then t2 divides a: Since t2 divides b by deﬁnition,
it also divides u ¼ b a: As ðt2; uÞ ¼ 1 we conclude t2 ¼ 1: Since c5u and
t1 j ðuþ c 1Þ=25u; we have t1t2 ¼ t15u: The same argument works in the
case that m=ðm; nÞ divides b: ]
Theorem 15. Write u ¼
Qr
i¼1 p
ai
i where the pi’s are distinct primes. Then
u=c5
Qr
i¼1 pi: Moreover, if s is the largest integer such that u=c > p1p2   ps;
then
2jðuÞ4jðP Þu=P þ 2sc; ð5Þ
where P ¼
Qs
i¼1 pi:
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Cm by GðdÞ: By assumption we have u > cP : Let d > 1 be a divisor of P : Then
d5u=c and thus
a=ðm=dÞ ¼ ad=m5au=cm ¼ u=ðuþ cþ 1Þ51: ð6Þ
Let r : Cm ! Cm=GðdÞ be the canonical epimorphism. Note that the
character values of rðAÞ are exactly the values wðAÞ; w 2 GðdÞ?: From
Lemma 12 with X ¼ rðAÞ;G ¼ Cm=GðdÞ and e ¼ ad=m we get
u2jA\ GðdÞ?j5a
m
d
 a
 
:
Hence,
jA\ GðdÞ?j5
1
2
þ
c 1
2u
 	
m
d

uðuþ c 1Þ
2
 	
: ð7Þ
Since ðc 1Þ=2u and ðm=d  uðuþ c 1Þ=2Þ are both positive, we get
jA\ GðdÞ?j >
m
2d

uðuþ c 1Þ
4
: ð8Þ
Since uðuþ c 1Þ=45ðuþ c 1Þðuþ cþ 1Þ=4 ¼ mc=ð2uÞ; we get
jA\ GðdÞ?j5
m
2d

mc
2u
ð9Þ
from (8). Similarly, we derive
jB\ GðdÞ?j5
m
2d

mc
2u
and thus
jA\ GðdÞ?j5
m
2d
þ
mc
2u
; ð10Þ
since jA\ GðdÞ?j ¼ md  jB\ GðdÞ
?j  1:
Let m denote the M .obius function. Write U ¼
Ss
i¼1 GðpiÞ
?: Using
(9) and (10), inclusion–exclusion, and the well-known formula
LEUNG AND SCHMIDT270jðP Þ=P ¼
P
d jP mðdÞ=d; we get
jA\ U j ¼
X
d jP ; d>1
 mðdÞjA\ GðdÞ?j
5
X
d jP ; d>1
mðdÞ
m
2d

mc
2u
 
¼ 
m
2
X
d jP ; d>1
mðdÞ
d
 !
 2s1
mc
u
¼
m
2
1
jðP Þ
P
 	
 2s1
mc
u
:
In the same way, we estimate jB\ U j and get
minðjA\ U j; jB\ U jÞ5
m
2
1
jðP Þ
P
 	
 2s1
mc
u
: ð11Þ
Let w be a character of Cm of order m; and let W be the subgroup of C nm of
order m=ðm; nÞ: By Result 7 the set
S :¼
[m1
i¼1
ði;mÞ¼1
W wi
is contained either in A or B:Note jSj ¼ jððm; nÞÞjW j ¼ mjðnÞ=n: Now we are
going to show that S \ U ¼ |: We claim that for any character t 2 W ; t is
trivial on GðpjÞ for j ¼ 1; . . . ; s: Note that the claim is obvious if pj does not
divide the order of t: In case that pj divides the order of t; we observe that
pj j ðm=jW jÞ also, so t must also be trivial on GðpjÞ: Now, as wi is nontrivial
on GðpjÞ for all i with ði;mÞ ¼ 1 and j ¼ 1; . . . ; s; we conclude W wi \ U ¼ |
for ði;mÞ ¼ 1: Hence, S \ U ¼ |: Thus together with (11) we get
maxðjAj; jBjÞ5mjðnÞ=nþ
m
2
1
jðP Þ
P
 	
 2s1
mc
u
¼
m
2
1þ
2jðuÞ
u

jðP Þ
P

2sc
u
 
:
Using Result 7, it is straightforward to check that
jAj5jBj5
m
2
þ
m
2u
:
Combining the last two estimates gives
m
2
2jðuÞ
u

jðP Þ
P

2sc
u
 
5
m
2u
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integer, this implies (5).
It remains to show that r ¼ s is impossible. When r ¼ s; then jðP Þ=P ¼
jðuÞ=u: Recall u=c > P : Since r53; we get 2rc52ru=P ¼ 2r½u=ðjðuÞP Þ
jðuÞ ¼
2rð
Qr
i¼1ðpi  1Þ
1ÞjðuÞ423  21  41  61jðuÞ ¼ jðuÞ=6: Now (5) gives the
contradiction 2jðuÞ5jðuÞ þ jðuÞ=6: Hence s5r: ]
We will need the following properties of the function F from
Deﬁnition 8. For a prime p and an integer y we write pa jj y if pa j y and
paþ1[y:
Lemma 16. Let r; s; x be positive integers where x is coprime to rs. Then
ðaÞ F ðr; sÞ divides r;
ðbÞ F ðrx; sÞ divides x gcdðe; rÞF ðr; sÞ where e is the exponent of the
group Znx :
Proof. Part (a) holds because of condition (b) in Deﬁnition 8. For
Part (b), let pi be a prime divisor of rx and deﬁne bi by p
bi
i jj F ðrx; sÞ: We
have to show pbii j x gcdðe; rÞF ðr; sÞ: If pi j x then p
bi
i j x by part (a), and we
are ﬁnished. Thus let pi j r: Deﬁne b0i; a and ci by p
b0i
i jj F ðr; sÞ;p
a
i jj e
and pcii jj r: Since bi4ci by part (a), it sufﬁces to show bi4b
0
i þ a: Let DðsÞ
be the set of prime divisors of s; and let q 2 DðsÞ: Let Bði; qÞ;Bði; qÞ0
be the numbers deﬁned in Deﬁnition 8 when applied to F ðrx; sÞ; res-
pectively, F ðr; sÞ: By Deﬁnition 8 applied to F ðr; sÞ one of the following cases
holds.
Case 1. q ¼ pi and ðpi;Bði; qÞ
0Þ=ð2; 1Þ: Then Bði; qÞ4Bði; qÞ0 by Deﬁni-
tion 8, condition (a), applied to F ðrx; sÞ:
Case 2. Bði; qÞ0 ¼ ci: Then Bði; qÞ4Bði; qÞ
0 since Bði; qÞ4ci by Deﬁnition
8, condition (b), applied to F ðrx; sÞ:
Case 3. q=pi and
qG
0
c1 ðmod pBði;qÞ
0þ1
i Þ; ð12Þ
where G0 ¼ ordm0qðqÞ and
m0q ¼
Q
pj jr;pj=q pj if r is odd or q ¼ 2;
4
Q
pj jr;pj=2;q pj otherwise:
(
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qG
0
 1 ðmod piÞ and qG
0
 1 ðmod 4Þ if r  0 mod 2 and q=2: ð13Þ
Let G be deﬁned as G0 only with r replaced by rx: Then G j eG0 where
e ¼ exp Znx : Now (12), (13), G j eG
0; and paþ1i [e imply
qGc1 ðmod pBði;qÞ
0þaþ1
i Þ:
Thus Bði; qÞ4Bði; qÞ0 þ a by Deﬁnition 8, condition (c), applied to F ðr; sÞ:
In summary, we have shown Bði; qÞ4Bði; qÞ0 þ a for all q 2 DðsÞ in every
possible case. Thus,
bi ¼ maxfBði; qÞ : q 2 DðsÞg4aþmaxfBði; qÞ
0 : q 2 DðsÞg ¼ b0i þ a
concluding the proof. ]
Remark 17. For the sake of clarity, we also provide an explicit formula
for the numbers bi in Deﬁnition 8. First note that, for ﬁxed i; the set of
positive integers x satisfying
qomq ðqÞc1 ðmod pxþ1i Þ
for all q 2 DðnÞ=fpig is a ray ½ei;1Þ with ei51: We set ei ¼ 1 if DðnÞ=fpig is
empty. We have
bi ¼
2 if pi ¼ 2; ci52 and ei ¼ 1;
minðci; eiÞ otherwise:
(
ð14Þ
The reason why bi ¼ 2 if pi ¼ 2; ei ¼ 1 and ci52 is the following. Note that
n must be a power of 2 if pi ¼ 2 and ei ¼ 1 (if n has an odd prime divisor q;
then qomq ðqÞ  1 ðmod 4Þ by the deﬁnition of mq since m is even if pi ¼ 2). If
pi ¼ 2 and n is a power of 2, then (a) or (b) must hold for pi ¼ q ¼ 2; and
the condition Bði; qÞ=1 in (a) makes sure that bi ¼ 2 if ci52: Also note that
we have bi52 if pi ¼ 2 and mc2 ðmod 4Þ:
Equation (14) implies the following.
Lemma 18. Let p1; . . . ;pt be any primes. Then there is a constant K 2 Zþ
only depending on the pi such that F ðr; sÞ jK for all r and s which are products
of powers of the pi:
In the proof of our main result, we will need the following elementary
estimate.
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1þ
1
x
 	s
1
 	
x52s:
Proof. This follows from ð1þ 1=xÞs5
Ps
i¼0ðs=xÞ
i ¼ 1þ ðs=xÞ
Ps1
i¼0 ðs=xÞ
i
41þ ðs=xÞ
Ps1
i¼0 ð1=2Þ
i51þ 2s=x: ]
Theorem 20. Let p1; . . . ;pr be distinct primes. There are only finitely
many u’s of the form
Qr
i¼1 p
ai
i for which a dihedral difference set of order u
2
can exist.
Proof. It will be sufﬁcient to deal with the case, where ai51 for all i: We
will only treat the case t1 ¼ 1: The case t2 ¼ 1 can be done in exactly the
same way by adjusting some signs and indices.
In the following, when we say that a number x depending on
u ‘‘is bounded,’’ we mean that there is a constant K such that x4K for
all u of the form
Qr
i¼1 p
ai
i : In this sense, Theorem 15 shows that u=c is
bounded.
Recall that m ¼ uu1u2t1t2 ¼ uu1u2t2; where t2 ¼ m05u is the largest divisor
of m coprime to u: Let e be the exponent of the group Znt2 and P ¼
gcdðe; uu1u2Þ: Write t2 ¼
Q
q
bj
j where the qj’s are primes, and let L be the
least common multiple of all the ðqj  1Þ’s. Then P ¼ gcdðL; uu1u2Þ as t2
and u are relatively prime. Thus, for each i; there exists a ji such that the
highest powers of pi dividing P ; respectively, qji  1 are equal. Hence,
we may rearrange the qj’s such that P j gcdð
Qs
j¼1ðqj  1Þ; uu1u2Þ; s4r and
q15   5qs:
Write F ðm; uÞ ¼ Mu0 where M is the largest divisor of F ðm; uÞ relatively
prime to u: By Lemma 16, we have M j t2 and u0 j F ðu1u2u; uÞ  P : By
Corollary 11, we get
44
M2u02
jðMÞjðu0Þu2
¼
u0
jðu0Þ
u0
jðMÞ
M2
u2
:
Write t2 ¼ Y
Qs
i¼1 qi: Since M j t2; we have M
2=jðMÞ4t22=jðt2Þ:
Furthermore, jðt2Þ5jðY Þjðq1    qsÞ: On the other hand, as u and u0
have the same set of prime factors, u=jðuÞ ¼ u0=jðu0Þ: Therefore, we
obtain
44
u
jðuÞ
u0
jðY Þjðq1    qsÞ
t22
u2
: ð15Þ
By Lemma 18 there is a constant E such that F ðu1u2u; uÞ j E for all u’s which
are products of powers of the pi: Since u0 j F ðu1u2u; uÞ  P we have u0 j EP :
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 qsÞ and (15) we get 4u=t25ðu=jðuÞÞðE=jðY ÞÞ
and thus
u
t2
is bounded: ð16Þ
Combining (15) with the fact that u5ðuþ cþ 1Þ=2 ¼ 2b1c2u2t2; we
deduce
44
u
jðuÞ
u0
jðq1    qsÞ
1
jðY Þ22b2c22u
2
2
: ð17Þ
Since u0 j EP ; we can replace u0 by EP in (17) and get
jðq1    qsÞ
P
4
u
jðuÞ
E
jðY Þ22bc22u
2
2
: ð18Þ
From (18), we see that jðq1    qsÞ=P is bounded. Also, since P j jðq1    qsÞ
we see from (18) that jðY Þ is bounded. Thus
Y is bounded: ð19Þ
We shall see later that (18) actually also forces all qi’s to be bounded.
Using our table of identities in Notation 13, we obtain
d12bc2u2t2 ¼ d1ðuþ cþ 1Þ ¼ d1ðuþ c 1Þ þ 2d1 ¼ ½ðu 1Þ2ac11 
½2
ac1u1
 þ
2d1 ¼ ðu 1Þu1 þ 2d1 ¼ uu1  ðu1  d1Þ þ d1 ¼ uu1  2b1c2 þ d1: Hence
d12bc2u2t2 ¼ uu1 þ d1  2b1c2: ð20Þ
For 14‘4s; we deﬁne
Qð‘Þ ¼ gcd
Ys
i¼‘
ðqi  1Þ; uu1
 !
:
Note that Qð1Þ5P=u2: As u is odd, Qð‘Þ5Qð1Þ
Q‘1
i¼1
2
qi1
where
Q‘1
i¼1
2
qi1
is
deﬁned to be 1 if ‘ ¼ 1: Thus
Qð‘Þ5
P
u2
Y‘
i¼1
2
qi  1
: ð21Þ
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d1  2b1c2  d12bc2u2t2
 d22bc2u2 t2  Y
Y‘1
i¼1
qi
 !
ðq‘  1Þ    ðqs  1Þ
" #
modQð‘Þ:
(Here it is understood that when ‘ ¼ 1;
Q‘1
i¼1 qi ¼ 1:)
Since jd1  2b1c2j5d12bc2u2; we conclude that
d12bc2u2 t2  Y
Y‘1
i¼1
qi
 !
ðq‘  1Þ    ðqs  1Þ
" #
 ðd1  2b1c2Þ
is positive and thus 5Qð‘Þ: This implies
d12bc2u2 t2 þ 1 Y
Y‘1
i¼1
qi
 !
ðq‘  1Þ    ðqs  1Þ
" #
> Qð‘Þ: ð22Þ
Recall t2 ¼ Y
Qs
i¼1 qi: Now suppose that q‘52sþ 1: Then, we get
05q‘    qs  jðq‘    qsÞ5 1þ
1
q‘  1
 	s
1
 
ðq‘  1Þ    ðqs  1Þ
52sðq‘þ1  1Þ    ðqs  1Þ
using Lemma 19 with x ¼ q‘  1 and the fact that the qi’s are ascending.
Here the product on the right-hand side has to be interpreted as 1 if ‘ ¼ s: In
particular, we have
d12bc2u2 t2 þ 1 Y
Y‘1
i¼1
qi
 !
ðq‘  1Þ    ðqs  1Þ
" #
4d12bc2u2Y
Y‘1
i¼1
qi
 !
ð2sÞðq‘þ1  1Þ    ðqs  1Þ:
Combining this with (22), we get
Qð‘Þ5d12bc2u2Y ð2sÞ
Y‘1
i¼1
qi
 !
ðq‘þ1  1Þ    ðqs  1Þ:
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P
u2
Y‘1
i¼1
2
qi  1
5d12bc2u2Y ð2sÞ
Y‘1
i¼1
qi
 !
ðq‘þ1  1Þ    ðqs  1Þ:
Therefore,
q‘  14d12bc2u22Y ð2sÞ
jðq1    qsÞ
P
Y‘1
i¼1
qi
2
:
Combining this with (18), we obtain
q‘  14d12bc2u22Y ð2sÞ
u
jðuÞ
E
jðY Þ22bc22u
2
2
Y‘1
i¼1
qi
2
¼ sE
d1
2b1c2
Y
jðY Þ
u
jðuÞ
Y‘1
i¼1
qi
2
:
Recalling that d1=ð2b1c2Þ ¼ ðu 1Þ=ð2b1c22ac1Þ ¼ ðu 1Þ=c is bounded by
Theorem 15 and using (19), we conclude that q‘
Q‘1
i¼1 q
1
i is bounded if
q‘52sþ 1: Using induction on ‘; this shows that all qi’s are bounded. By
(19) this shows that t2 is bounded. Finally, (16) now implies that u is also
bounded. ]
4. FURTHER NONEXISTENCE RESULTS
After the asymptotic analysis of the last section, we now provide a result
which is useful in dealing with cases where n is small. We will also update the
list of open cases with n4106 from [3]. We will need the following well-
known results of Turyn [7].
Definition 21. A prime p is called self-conjugate modulo a positive
integer m if there is a positive integer j with
pj  1 modm0;
where m ¼ pam0 with ðm0;pÞ ¼ 1: A composite integer t is called self-
conjugate modulo m if every prime divisor of t is self-conjugate modulo m:
Result 22. Let X 2 Z½xt
 and s 2 GalðQðxtÞ=QÞ: If r :¼ jX j
2 2 Zþ and if s
ﬁxes all prime ideals dividing r; then X s ¼ eX where e is a root of unity.
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 with
jX j2  0 mod a2;
then X  0 mod a:
Result 24. Let G be an abelian group of order v; let o be a character of G
of order v1; and let H be a subgroup of G n of order v2; where ðv1; v2Þ ¼ 1:
Assume that there is a subset A of G such that tðAÞ  0 ðmod rÞ for some
integer r and all t 2 Ho; and that tðAÞ=0 for some t 2 Ho: Then
2t1v5rv1v2;
where t is the number of distinct prime divisors of v1:
The following is an immediate consequence of the orthogonality relations,
see [2, p. 314].
Lemma 25. Let G be an abelian group. Let D G; let o 2 G n and let H
be a subgroup of Gn: Then
oðD\ H?Þ ¼
1
jH j
X
t2H
otðDÞ:
Theorem 26. Assume the existence of a ð2m; k; l; u2Þ difference set in Dm
where u is odd. Let T be a set of prime divisors p of u with p2[m such that for
every p 2 T at least one of the following conditions is satisfied:
(a) There is a divisor l of u=p which is self-conjugate modulo m=p such
that l > 2t2; where t is the number of prime divisors of u:
(b) 4u2=p2 > F ðm=p; u=pÞ2=jðF ðm=p; u=pÞÞ:
(c) F ðm=p; u=pÞ  4 ðmod 8Þ; q  3 ðmod 4Þ for all prime divisors q of
u=p; and 8u2=p2 > F ðm=p; u=pÞ2=jðF ðm=p; u=pÞÞ:
Then,
n
jðnÞ
> 2 1þ
X
p2T
1
p  1
 !
:
Proof. Let A and B be deﬁned as in Result 7. Let w be a character of Cm
of order m and assume w 2 A: Let p 2 T and write w ¼ gw0; where g has order
p and w0 is of order m=p: Note that p and m=p are coprime by assumption.
We will show w0 2 A:
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of orbits of Um by Result 7, we have w0giðBÞ ¼ 0 for i ¼ 1; . . . ;p  1: Now
Lemma 25 implies pw0ðB\ g?Þ ¼
Pp1
i¼0 w
0giðBÞ ¼ w0ðBÞ: Let X :¼ B\ g?:
Then w0ðX Þ ¼
Pm=p1
i¼0 xix
i
m=p with xi 2 f0; 1g and jw
0ðX Þj ¼ u=p since jw0ðBÞj
¼ u: Applying Result 10 to w0ðX Þ; we get
u2
p2
4
F ðm=p; u=pÞ2
4jðF ðm=p; u=pÞÞ
and thus condition (b) of Theorem 26 cannot hold.
Now let l be a divisor of u=p which is self-conjugate modulo m=p: Let w0
be the largest divisor of m=p coprime to u: Note that w0 divides m=ðm; nÞ: Let
W ; respectively, W 0 be the subgroup of order m=ðm; nÞ; respectively, w0 of Cnm:
Since w 2 A and since A is a union of cosets of W and possibly W =fw0g; we,
in particular, get wc 2 A for all c 2 W 0: In the same way as we did for w0ðX Þ;
we conclude jw0cðX Þj ¼ u=p for all c 2 W 0: Since l is self-conjugate modulo
m=p; Result 23 implies
w0cðX Þ  0 ðmod lÞ ð23Þ
for all c 2 W 0: Note that the coset W 0w0 contains a unique character Z of
order m=ðpw0Þ: Since W 0w0 ¼ W 0Z; we get
ZcðX Þ  0 ðmod lÞ
for all c 2 W 0 from (23). Now we apply Result 24 with G ¼ t?; v ¼ m=p;
A ¼ X ; H ¼ W 0; o ¼ Z; v1 ¼ m=ðpw0Þ; v2 ¼ w0; r ¼ l and get
2s1ðm=pÞ5lðm=ðpw0ÞÞðw0Þ ¼ lm=p;
where s is the number of prime divisors of m=ðpw0Þ: Since s ¼ t  1; this
shows that condition (a) of Theorem 26 also cannot hold.
Thus condition (c) must be satisﬁed. By Result 9, we can assume w0ðX Þ 2
Z½xf 
; where f ¼ F ðm=p; u=pÞ  4 ðmod 8Þ: Write J :¼ w0ðX Þ ¼ Y þ iZ with
Y ;Z 2 Z½xf=4
: Since all prime divisors of u=p are  3 ðmod 4Þ; the
automorphism s 2 GalðQðxf Þ=QÞ deﬁned by is ¼ i and x
s
f=4 ¼ xf =4 ﬁxes
all prime ideals above u=p in Z½xf 
; see [2, VI. Theorem 15.2]. Thus Js ¼ eJ
where e is a root of unity by Result 22. Since e 2 Z½xf 
 and f  0 ðmod 4Þ; we
have e ¼ xlf for some l: Applying s to J
s ¼ eJ ; we get ees ¼ 1: Thus e ¼ ij
with j 2 f0; . . . ; 3g: If e ¼ i; then Js ¼ Y  iZ ¼ iY  Z: Thus Y ¼ Z and
J ¼ ð1 iÞY : But this implies that jJ j2 is divisible by 2 which is impossible
since u is odd. Similarly, e ¼ i is impossible. If e ¼ 1; then Js ¼ Y  iZ ¼
Y  iZ and thus Y ¼ 0: If j ¼ 0; then Z ¼ 0: In any case, we have shown
that w0ðX Þ times a root of unity lies in Z½xf=2
: Since jw0ðX Þj ¼ u=p; Result 10
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Theorem 26 also cannot hold, a contradiction.
Hence we have shown that w 2 A implies w0 2 A: In the same way, it
follows that w 2 B implies w0 2 B: Let W be the subgroup of order m=ðm; nÞ of
Cnm: Recall that both A and B are unions of cosets of W and possibly
W =fw0g: By what we have shown, w 2 A and w
p 2 A for all p 2 T or w 2 B and
wp 2 B for all p 2 T :
Let S  Cnm be the union of all cosets W w
s; W wpwp ; 14s5m;
ðs;mÞ ¼ 1; 14wp5m=p; ðwp;m=pÞ ¼ 1; p 2 T : Note jððm; nÞÞ=ðm; nÞ ¼
jðnÞ=n: Thus, we have
jSj ¼
m
ðm; nÞ
jððm; nÞÞ þ
X
p2T
m
ðm; nÞ
jððm; nÞ=pÞ
 	
¼
mjðnÞ
n
1þ
X
p2T
1
p  1
" #
:
By what we have shown we have S  A or S  B: Result 7 implies jAj5
m=25jBj and jBj  jAj5m=u: Write y :¼ 1þ
P
p2T
1
p1 : Suppose 2y5n=jðuÞ:
Then jSj ¼ ymjðnÞ=n5m=2 and thus S  B: Note n=jðnÞ ¼ u=jðuÞ: We
have 2yjðuÞ5njðuÞ=jðnÞ ¼ u: Since u is odd and yjðuÞ is an integer, this
implies 2yjðuÞ > u: Hence jBj  jAj > 2jSj  m ¼ ½2yjðuÞ  u
m=u5m=u; a
contradiction. Thus 2y5n=jðnÞ is proving the assertion. ]
Corollary 27. With the possible exception of u ¼ 735 there is no
difference set of order u24106 in any dihedral group.
Proof. Assume the existence of a difference set of order u24106 in Dm:
In [3] it is shown that only the following cases are possible:
u 105 315 525 735 945
m 24;885 223;020 620;550 1;214;955 2;010;015
For u ¼ 105; we apply Theorem 26 with p ¼ 5 and l ¼ 3: Since 3 is self-
conjugate modulo 24;885=5; condition (a) of Theorem 26 is satisﬁed. Thus
35=16 ¼ 105=jð105Þ > 2ð1þ 1=4Þ ¼ 5=2; a contradiction. Thus u=105:
In the case u ¼ 315; we have F ðm; uÞ ¼ m=3: Thus, Corollary 11 gives
396; 900 ¼ 4n4m2=ð3jðmÞÞ5340;000; a contradiction. Thus u=315:
For u ¼ 525 take p ¼ 7 in Theorem 26. Note F ðm=7; u=7Þ ¼ m=ð7  15Þ:
Thus F ðm=7; u=7Þ2=jðF ðm=7; u=7ÞÞ54u2=72; i.e. condition (b) of Theorem 26
is satisﬁed. Hence 35=16 ¼ u=jðuÞ > 2ð1þ 1=6Þ; a contradiction. Thus
u=525:
LEUNG AND SCHMIDT280For u ¼ 945; we have F ðm; uÞ ¼ m=9 and as in the case where u ¼ 315 we
get a contradiction by Corollary 11. Thus u=945: ]
In view of Result 2, the following is of interest.
Remark 28. Using Corollary 11, Theorems 20 and 26, some additional
calculations, and a computer search, the following can be shown: With the
possible exception of u ¼ 735; there is no difference set of order u2 with
u ¼ 3a5b7c for any positive integers a; b; c in any dihedral group.
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